We investigate the conditions under which a set of multipartite nonlocal correlations can describe the distributions achievable by distant parties conducting experiments in a consistent universe. Several questions are posed, such as: are all such sets "nested", i.e., contained into one another? Are they discrete or do they form a continuum? How many of them are supraquantum? Are there non-trivial polytopes among them? We answer some of these questions or relate them with established conjectures in complexity theory by introducing a "zoo" of physically consistent sets which can be characterized efficiently via either linear or semidefinite programming. As a bonus, we use the zoo to derive, for the first time, concrete impossibility results in nonlocality distillation.
Introduction
The lack of a physical intuition behind the fundamental axioms under which Quantum Theory rests (states are rays of a Hilbert space, etc.) has led many to wonder whether these axioms are actually necessary to construct a physical theory, or, on the contrary, different, weirder, theories exist, at least at the logical level. This reflection has inspired an ambitious program to reconstruct Quantum Mechanics from physical principles, see [1, 2, 3, 4, 5] for some impressive achievements in this topic. An alternative approach has been to isolate those features which make Quantum Mechanics special, such as nonlocality, and investigate if similar or even stranger phenomenons can be found in other physical theories. Popescu & Rohrlich inaugurated the latter line of research by proposing the no-signalling principle as an attempt to bound the set of feasible correlations that two or more distant parties can establish. As they showed, the no-signalling condition is not strong enough to single out the quantum set [6] . This later caused a proliferation of device-independent physical principles (such as Non-trivial Communication Complexity [7] , No Advantage for Nonlocal Computation [8] , Information Causality [9] , Macroscopic Locality [10] and Local Orthogonality [11] ) which have since constrained the set of physically admissible correlations further and further.
In [12] it was noted that, no matter which principles a physical theory satisfies, its associated set of correlations must be closed under wirings, meaning that any combination or wiring of different valid distributions can only produce boxes inside the considered set. Contrary to all expectations, the authors of [12] proved that this seemingly innocuous concept is highly non-trivial, and thus may play an important role in the axiomatization of quantum mechanics, or the exploration of alternative theories.
Despite the fact that five years have passed since the concept was coined, we still ignore many facts about consistent sets of correlations. Even though investigations into nonlocality distillation suggest that there exists a continuum of such sets [13, 14] , very few concrete examples of provenly closed sets are known. The original paper [12] just identifies four of them, although further results demonstrate (in a non-constructive way) the existence of infinitely many [15] .
We feel that the lack of progress in this subject is due in part to the scarcity of examples of computable closed sets. In this paper, we intend to fill this gap by introducing several families of closed sets which can be efficiently characterized using standard tools of convex optimization. Using these sets, we manage to provide an answer to many important questions regarding this fascinating topic. Along the way, we also prove the existence of bipartite physical principles which are unstable under composition, in the sense that two boxes living in different theories compatible with such principles can be wired together to produce a box violating them.
The structure of this paper is as follows: first, in Section 2 we will describe the non-locality framework that we will be invoking through this text. Then, in Section 3, we will review known results on consistent sets of correlations, and we will list some relevant questions on the topic. In Section 4 we will introduce our "zoo" of consistent sets admitting an efficient characterization. These sets will allow us to answer many of the questions previously posed in Section 5. Finally, in Section 6, we will present our conclusions.
2 The nonlocality framework and consistent sets of correlations
The setup
Let Alice and Bob be two parties conducting experiments in distant laboratories. We will assume that Alice and Bob ignore the inner workings of their measurement devices: for Alice (Bob), an experiment is a process or black box to which she (he) feeds an input x (y) from the alphabet X (Y), and from which she (he) receives an output a (b) from the alphabet A (B). Along this article, we will consider Bell scenarios where X , Y, A, B have finite cardinality. If Alice and Bob compare their outputs in independent runs of the experiment, then they can estimate the probabilities P (a, b|x, y) that define their pair of correlated boxes. An important set of such boxes is the set of all boxes compatible with classical physics.
Definition 1. The local set L We say that P (a, b|x, y) is local or classical when it can be expressed as
The set L of all local distributions is a polytope (a convex set with finitely many vertices) whose extreme points are given by the deterministic boxes P (a, b|x, y) = δ a,f (x) δ b,g(y) . As such, it can be characterized via linear programming (LP) [16] . A more complicated, but perhaps more relevant set is Q, the set of all boxes realizable with quantum mechanical systems.
Definition 2. The quantum set Q A distribution P (a, b|x, y) is quantum iff
where ρ AB ∈ B(H A ⊗ H B ) is a normalized quantum state acting over the tensor product of the Hilbert spaces H A , H B , and {E 
The set Q is not a polytope: it has both straight and curved surfaces, and its characterization is not known to be a decidable problem [17] , although there are algorithms to bound it from the outside [18, 19] via semidefinite programming [20] and the inside [21] via see-saw methods.
One can go beyond our present understanding of the universe, and consider also boxes which do not admit a quantum representation at all. In this respect, an interesting set of boxes is the one resulting from demanding the no-signalling conditions [6] to hold: Definition 3. The no-signalling set N S P (a, b|x, y) is no-signalling if it satisfies the no-signalling conditions a P (a, b|x, y) = P (b|y),
Eq. (3) implies that Alice (Bob) cannot modify Bob's (Alice's) statistics by virtue of her (his) input choice, and hence the said pair of boxes does not allow both parties to violate causality. Like L, the set N S is also a polytope, and thus admits an LP characterization. By far, the most studied setting in nonlocality is the simplest one where the sets L, Q and N S differ: the 2222 Bell scenario, with |X | = |Y| = |A| = |B| = 2, where x, y, a, b are assumed to take values in {0, 1}. In this setting, the local set L is characterized by the no-signalling conditions and the Clauser-HorneShimony-Holt (CHSH) [22] inequality (and its permutations):
where
Conversely, the extreme points of the no-signalling set N S are the deterministic points plus all equivalent forms of the Popescu-Rohrlich (PR) box [6] :
It can be shown that any box in the 2222 scenario can be transformed via local operations and shared randomness into an isotropic box of the form
while keeping the same CHSH value, see [39] for a proof. In the segment that goes from λ = 0 to λ = 1, the intervals λ ∈ [0, ] correspond, respectively, to the L and Q regions [23] . 
Wirings
Suppose that Alice and Bob, rather than preparing a pair of boxes, produce two independent realizations, see Figure 1 . Then, they can generate a new effective box pair by combining inputs and outputs of the two boxes and postprocessing the two "internal" outcomes, as shown in Figure 1 . This mechanism of building new boxes by processing outputs and inputs of different local boxes in a sequential way is known as wiring [12] . Note that the identity of the first box to measure may depend in general of the effective input assigned to each party. Also, for three boxes or more, the choice of the next box to measure may depend on all the previous output history. The set of all deterministic wirings thus grows at least as n! with the number n of local boxes. Even worse, a brute-force search over the set of all possible wirings already becomes impractical for n ≈ 5 boxes.
Let us now list the features that a set of correlations S must satisfy if S is supposed to represent the set of box pairs realizable in a given physical theory. For any pair of boxes P 1 , P 2 ∈ S, Alice and Bob can always prepare the box λP 1 + (1 − λ)P 2 if they share some classical randomness: S must hence be a convex set. What is more, as noted in [12] , any possible wiring of a number of box pairs in S must be also contained in S. Finally, Alice and Bob can always interchange their boxes, and so S must be symmetric under permutations of the two parties. This reasoning leads to a basic definition on which this work will revolve.
Definition 4. Let S be a set of boxes. S is physically closed if 1. S is convex (convexity).
2. S is symmetric under the exchange of Alice and Bob (symmetry).
3. For any collection of boxes {P i (a, b|x, y)} n i=1 ⊂ S and any pair of wirings
For simplicity, along the rest of this article, we will refer to physically closed sets simply as closed sets. There will be no ambiguity between physical closure and topological closure, since all sets of correlations considered in the article are also topologically closed 1 . Note that the above definition implies that L ⊂ S. This follows from the convexity of S and the observation that, via simple wirings, we can make any pair of boxes deterministic. Notice also that, for any two closed sets S 1 , S 2 , one can generate a new closed set by taking their intersection S 1 ∩ S 2 . Similarly, one can define S 1 + S 2 as the smallest closed set containing S 1 ∪ S 2 . It is clear that the operator "+" used here is commutative and associative. The complexity of the operations "∩" and "+", though, is very different: while membership of S 1 ∩ S 2 can be easily decided if a characterization of S 1 , S 2 is available, determining the limits of S 1 + S 2 can well be an undecidable problem, see the next section.
L, Q and N S are distinguished instances of closed sets. Another example is the topological closure of the set of all boxes which can be generated via convex combinations, permutation of the parties and wirings of arbitrarily many copies of a finite set of boxes F . We will denote such a set as S F , and the boxes in F will be called the generators of S F . From all the above, it is clear that
3 Some results and some questions
In [12] , it is shown that fairly natural polytopes in the 2222 scenario 2 fail to be closed. This evidences that physical closure is an extremely non-trivial property. As a consequence, known closed sets are scarce. In view of the difficulty of defining closed polytopes, the authors of [12] ask: Question 1. Are there non-trivial closed polytopes?
Most results on closed sets stem from research on nonlocality distillation [24, 13, 14, 15] . In the language of closed sets, nonlocality distillation is equivalent to the following membership problem:
1 This actually may not be the case for Q. In the following, we will therefore identify this set with its topological closure, and likewise with Q + , defined later.
2 Namely, the convex hull of the deterministic points plus all re-labelings of the box P R λ (a, b|x, y), for 1 2 < λ < 1, and the polytope defined by the no-signalling conditions (3) plus some relaxed version of the CHSH inequality (4) where the numerical coefficient 2 is replaced by a greater amount.
Problem 1. Main Distillability Problem
Let P (a, b|x, y), Q(a, b|x, y) ∈ N S. Determine if P (a, b|x, , y) ∈ S {Q(a,b|x,y)} .
The absence of an algorithm to solve the above problem after years of research raises the next question: Question 2. Is the Main Distillability Problem decidable?
The majority of the research in nonlocality distillation has been focused on the distillation of isotropic PR-boxes. That is, given a number of identical copies of PR λ (a, b|x, y), with λ > 1 2 and shared randomness, the goal is to wire them up so as to build a new isotropic box PR λ ′ (a, b|x, y), with λ ′ > λ. So far, all attempts to distill isotropic boxes have failed, and this has led to the following widely held conjecture:
There are partial results in support of this conjecture. Short proved that no wiring of two isotropic boxes can increase its CHSH value [13] . Using ideas from dynamical programming, this result was later extended by Forster to n = 9 boxes [14] . In [15] , Dukaric & Wolf study CHSH distillation in the quantum nonlocal range
. They provide an explicit bound on the amount of possible CHSH distillation, and, as as side result, prove that there are infinitely many values of λ in the range (
) where distillation is impossible. Unfortunately, Dukaric and Wolf's proof does not identify any element of the set Λ of values of λ for which distillation is impossible. Its existence and size nevertheless implies that there are infinitely many different subquantum sets which are closed under wirings. Indeed, define
From the proof it is also not clear whether Λ is discrete (countable), or continuous. This is an important matter: note that, if the set of all closed sets were discrete or "quantized", then all physical theories could be numbered according to which set of correlations they occupy! That would give a lot of structure/hope to the task of classifying all closed sets. We therefore find imperative to answer the question below. Note that, if Conjecture 1 is true, the above question must be answered in the affirmative.
Dukaric and Wolf's result postulates the existence of non-trivial sets closed under wirings, but does not offer concrete limits of nonlocality distillation. Exploring the present literature in nonlocality, though, one can find some other instances of closed subquantum sets. Consider, for example, the set of all bipartite correlations achievable by two parties conducting quantum measurements over any number of copies of the maximally entangled state |ψ
Definition 5. Q + P (a, b|x, y) belongs to Q + iff there exist positive measurement operators E 
Clearly, any wiring of a collection of boxes in Q + can be expressed as a generalized measurement over a number of maximally entangled states, i.e., Q + is closed under wirings. Also, Q + ⊂ Q. Moreover, there is plenty of evidence in the literature that such an inclusion relation is strict. It was already noted by Eberhard [25] , and confirmed in [26] that certain Bell inequalities in the 2222 Bell scenario cannot be maximized if our only quantum resource are maximally entangled states. In the slightly more complex 3322 scenario (|X | = |Y| = 3, |A| = |B| = 2), Vidick & Wehner [27] proved that the I 3322 Bell inequality [28] 
can only be violated up to I 3322 = 0.25 using maximally entangled states. This number must be compared with the quantum maximum I Q 3322 ≈ 0.250875 [21] . Moreover, as shown by Palazuelos & Junge [29] , as we increase the number of inputs and outputs, the difference between the projections of Q + and Q becomes arbitrarily large.
So much for subquantum sets. How about supraquantum? Are there nontrivial instances of closed sets under wirings which contain Q strictly?
In [10] , the authors identify the (closed) set of all distributions compatible with the principle of Macroscopic Locality with Q 1 , a first outer approximation to Q defined in [18] . Q 1 can be shown to be different from the quantum set even in the 2222 scenario, where a CHSH violation of 2 √ 2 can be achieved with biased outcomes [10] . It can also be seen that the maximal violation of the I 3322 inequality is I 3322 = 0.3660 (which number without truncation agrees with ( √ 3 − 1)/2 up to eight decimal digits), much higher than its quantum counterpart.
However, besides this set and the no-signalling polytope, there are no more examples of postquantum sets in the literature. This leads us to wonder if, even though there exist infinitely many subquantum closed sets, there could be just a finite number of them containing Q.
Question 4. In a fixed non-locality scenario, how many different closed sets under wirings contain Q?
An interesting feature of the sets which we have examined so far is that they have a nested structure, i.e., they satisfy L ⊂ Q λ ⊂ Q + ⊂ Q ⊂ Q 1 ⊂ N S. One wonders if this is necessarily the case, i.e., if all conceivable physical theories form a hierarchy when only sets of correlations are considered.
In order to motivate this question further, consider the following problem, faced in the axiomatization of quantum mechanics. Device-independent physical principles like Information Causality [9] or Macroscopic Locality [10] have been proposed to limit the set of all reasonable physical distributions. The usual procedure to decide which distributions are "compatible" with these principles is to verify that, given P (a, b|x, y), none of the distributions in the set S {P (a,b|x,y)} violates such principles. However, if we denote by Z the set of all distributions satisfying some principle Z in the previous sense, it could well be that
is not closed under wirings. That would imply that, even though all boxes in the set Z cannot violate principle Z by themselves, some of them can be wired together into a pair of boxes that does not respect Z anymore. This possibility is captured in the next definition:
Definition 6. Stability under composition A device-independent principle Z is stable under composition iff, for any pair of closed sets S 1 , S 2 , compatible with Z, the set S 1 + S 2 is also compatible with Z.
Both Macroscopic Locality [10] and the No-Signalling Principle [6] are stable under composition, and hence the notion of "the largest set of boxes which satisfy Macroscopic Locality" or "the set of all boxes which respect No-signalling" is well defined. On the other hand, expressions like "the largest set of boxes which respect Information Causality" may not have any meaning at all: indeed, if Information Causality is not stable under composition, there must be two or more maximal closed sets compatible with this principle. Finally, it is worth noticing that there are already examples of unstable physical principles in contextuality scenarios: in [30, 31] , it is proven that no set of contextual correlations can strictly contain Q 1 , as defined in [32] , while satisfying Local Orthogonality (LO) [32, 33] . On the other hand, it is known that there are contextual correlations q beyond Q 1 which nevertheless satisfy LO. It hence follows that q, together with some of the correlations in Q 1 can activate a violation of LO. Coming back to nonlocality, note that any Bell-type inequality B(P ) = a,b,x,y B(a, b|x, y)P (a, b|x, y) ≤ K B can be interpreted as a bipartite deviceindependent physical principle. From this point of view, stability under composition and non-trivial intersection of closed sets are related by the next theorem: Theorem 1. There exists a bipartite Bell-type linear inequality unstable under composition iff there exist two bipartite closed sets with non-trivial intersection.
Proof. Suppose that bipartite closed sets of correlations have a nested structure, and let principle Z be satisfied by both S 1 and S 2 . The set S 1 + S 2 is generated by the boxes in S 1 ∪ S 2 , which, by hypothesis, is equal to either S 1 or S 2 , and hence is compatible with Z.
Conversely, suppose that there exist two sets S 1 , S 2 with S 1 ∩ S 2 = S 1 , S 2 . Let P 1 ∈ S 1 , P 1 ∈ S 2 and P 2 ∈ S 2 , P 2 ∈ S 1 . Since P 1 ∈ S 2 , by the Hahn-Banach theorem, there exists a Bell inequality B 1 such that
Likewise, there exists a Bell inequality B 2 with
W.l.o.g., let us assume that B 1 , B 2 are defined in a Bell scenario with |X | = |Y| = n; that max P ∈S1 B 1 (P ) = max P ∈S2 B 2 (P ) = 1; and that the respective maxima are attained by the distributions P
can be seen to satisfy max P ∈Si (B 1 ⊕ B 2 )(P ) ≤ 1 for i = 1, 2. Suppose, however, that Alice and Bob share a copy of P ′ 1 and a copy of P ′ 2 , and they wire them together in such a way that, when asked x = 1, ..., n (y = 1, ..., n), Alice (Bob) inputs x (y) in the first box, and, when asked x = n + 1, ..., 2n (y = n + 1, ..., 2n), she (he) inputs x − n (y − n) in the second box. In either case, they output the result of the box they probe. Calling (P
It follows that the the Bell-type inequality
is not stable under composition.
The tripartite case
We will now discuss how the notion of wirings changes when we move away from the bipartite Bell scenario. A tentative first definition could be:
Definition 7. Physical closure (I)
A set S of tripartite correlations is closed if 1. S is convex.
2. S is symmetric under permutations of the three parties.
3. For any collection of boxes {P i (a, b, c|x, y, z)} n i=1 ⊂ S and any triple of
Unfortunately, this definition identifies as closed sets of boxes which cannot represent the correlations of any consistent physical theory. Consider the set B of all tripartite boxes P (a, b, c|x, y, z) such that the bipartitions P (a, b|x, y), P (a, c|x, z), P (b, c|y, z) are local. This set is clearly convex and symmetric. It is also closed under local wirings: indeed, given a collection of boxes
⊂ B, by definition the bipartitions {P i (a, b|x, y)} n i=1 belong to L, and consequently, no matter how Alice and Bob wire them, they cannot violate locality. Likewise for Alice and Charlie and Bob and Charlie. After a local wiring, the resulting tripartite box will hence be bipartite local, and so it will belong to B. Now, consider the following tripartite generalization of the P R-box, called Box 44 in [34] :
Figure 2: Distribution and wirings. If Bob is distributed, not just one, but two of the boxes corresponding to the triple P R 3 (a, b, c|x, y, z), he can wire them together to produce perfect PR-box correlations with Alice.
4 for x, y, z, a, b = 0, 1. Such is a product distribution (and hence local): P R 3 (a, b, c|x, y, z) thus belongs to B. Note, though, that, if Charlie inputs z = 1, obtains the result c = 0 and announces this to Alice and Bob, then the latter would be sharing a perfect (non-local) PR-box. Obviously, P R(a, b|x, y)δ c,0 ∈ B. We have just shown that B is not closed under post-selections. Since post-selections are physically legitimate operations, B cannot be a physical set.
Similarly, suppose that no post-selections are made, but, at the beginning of the experiment, P R 3 (a, b, c|x, y, z) is distributed in such a way that Alice receives the first box; and Bob, the second and third. Then Bob can perform the wiring indicated in Figure 2 in order to engineer a perfect PR-box between him and Alice. We hence conclude that B is also not closed under distribution and wirings.
Any Bell experiment has a preparation stage and a measurement stage. The post-selection and distribution of boxes corresponds to the former; local wirings, to the latter. All these are valid physical operations, and the multipartite definition of closure must account for them. 
We will be using this definition from now on.
One wonders if there exist at all non-trivial sets with genuine tripartite nonlocality besides Q and N S. If such were not the case, then the existence of genuine tripartite nonlocality could already be interpreted as a physical principle to single out the quantum set. Regrettably, life is not that easy. Have a look at the following definition.
Definition 9. The Time Ordered BiLocal set T OBL A tripartite distribution P (a 1 , a 2 , a 3 |x 1 , x 2 , x 3 ) belongs to T OBL iff it admits the Time Ordered BiLocal (TOBL) expansion [34, 35] , i.e., if it admits a decomposition of the form:
for (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2), with the distributions P j→k and P j←k obeying the conditions
As shown in [35] , this polytope is closed. Moreover, by definition, no distribution in T OBL can exhibit bipartite non-locality, and hence there are points in Q which are not present in T OBL. On the other hand, some boxes in T OBL violate the Guess Your Neighbour's Input inequality [36] , which cannot be violated by quantum mechanical systems. We thus have that the existence of T OBL answers affirmatively the multipartite versions of Question 1 (existence of closed non-trivial polytopes) and Question 5 (existence of closed sets with non-trivial intersection).
Sadly, the restriction of T OBL to two parties coincides with L, and so the original -bipartite-questions remain open.
Another non-trivial tripartite closed set is the set of correlations generated by conducting measurements on quantum states invariant under partial transposition [43] with respect to parties A, B, and C (i.e., with respect to any bipartition of the three parties). For this type of states, no bipartite entanglement can be distilled between any groups of parties. Nevertheless, as it has been shown in [37] , there exist such quantum states which violate a tripartite Bell inequality (number 5) of the list of Sliwa [38] . Let us designate the corresponding set by Q P P T . As one can check, the correlations arising from Q P P T fulfill all conditions of Definition 8, hence the set is closed under wirings.
We were not able to find more examples of non-trivial tripartite closed sets in the literature, although clearly another set can be generated by intersecting T OBL with Q. The goal of reconstructing Q via device-independent principles motivates our next question:
A zoo of computable closed sets
In this section we will provide a collection of closed sets of correlations which admit an efficient characterization. We will divide them into two: those which can be characterized via linear programming [16] (polytopes), and those for which the more sophisticated semidefinite programming (SDP) tools [20] are necessary.
Polytopes
In the previous section we gave an example of a non-trivial tripartite closed polytope. It is certainly ironic that, in order to construct closed bipartite polytopes, we must turn to multipartite notions again. Consider the following definition:
is invariant under the exchange of the first two systems (the last two systems).
P (a, b|x, y)
A way to picture GW is to imagine that each party A or B has an associated "ghost", A ′ or B ′ , which has similar experiences. Of course, ghosts do not exist, so there are no joint four-partite distributions for AA ′ BB ′ .
Theorem 2. GW is closed under wirings.
Proof. The proof is sketched in Figure 3 . Call P f (a, b|x, y) the final distribution, and note that, for each pair of boxes P i (a, b|, xy) involved in the wiring, there is a tripartite extension P i (a, a ′ , b|x, x ′ , y) satisfying the conditions of Definition 10. No matter how complicated Alice's wiring is, Alice's ghost can always mimic it, and hence there exists a tripartite distribution P f (a, a ′ , b|x, x ′ , y), with P f (a, a ′ , b|x, x ′ , y) = P f (a ′ , a, b|x ′ , x, y) and a ′ P f (a, a ′ , b|x, x ′ , y) = P f (a, b|x, y). Likewise, P f (a, b|x, y) admits a symmetric extension of Bob's part, and hence P f (a, b|x, y) ∈ GW.
Clearly, one can define analogous closed sets GW n by demanding that Alice and Bob admit, not just one, but n ghosts each. All such sets are polytopes strictly contained in N S: this can be seen from the fact that, due to monogamy [39] , no distribution in GW n can violate Bell inequalities with |X | = n + 1.
Note that the sets GW n do not admit a straightforward extension to the multipartite case, since they are not closed under post-selection or distribution and wirings. It is easy, though, to modify Definition 10 so that they are. Definition 11. Twin World A tripartite distribution P (a, b, c|x, y, z) belongs to Twin World (denoted T W) iff there exists an 
is invariant under the exchange of A and A ′ ; B and B ′ ; and C and C ′ .
Now the intuition is that each inhabitant of Twin World has a twin brother or sister who, contrary to ghosts, simultaneously co-exist. The proof of the closure of Twin World is analogous to that of Ghost World, and hence it will not be repeated. As before, one can define new sets T W n by imposing that each party has n twins, instead of just one.
Shadows of spectrahedra
In [19] , the authors define a sequence of SDP approximations Q n to the bipartite quantum set Q with the property Q 1 ⊃ Q 2 ⊃ ... ⊃ Q. In the following we will prove that each of these sets is closed under wirings, as well as some intermediate sets also considered in the literature.
Assign "symbolic projectors" {E x a , F y b } to any possible local event (x, a) or (y, b). We will call A and B the set of projectors associated to Alice's and Bob's interactions. By A m B n , we will denote the set of all sequences of products of projectors of the form
Note that, if two consecutive projectors correspond to different outcomes of the same measurement, the corresponding sequence will be equal to 0. Also, taking m ′ = n ′ = 0, we have that I ∈ A m B n , for all m, n. We will assume that these symbolic operators can be conjugated and multiplied at a formal level, with the peculiarity that all the F 's commute with all the E's. We will say that Alice's and Bob's no-signalling shared probability distribution P (a, b|x, y) is O-positive if there exists a linear functional L :
For any O, the set Q O of O-positive distributions is convex and contains Q. Moreover, deciding O-positivity can be formulated as a semidefinite program whose complexity scales polynomially with the number of measurement settings 3 . Actually, note that,
N defined as in [19] . 
For a proof, see [19] .
We will next prove this section's main theorem. 
Proof. Any general wiring of different boxes
is the result of composing two operations:
1. A complete deterministic measurement strategy, that starts by performing some measurement X on some box and continues through the sequential measurement of all the remaining boxes, where which box to measure and which interaction to apply to it are a function of the previous measurement outcomes.
2. The identification of some of the different outcomes of the former measurement strategies.
In order to prove that a certain set of correlations containing the local set is closed under wirings, it is thus enough to show that it is closed under the previous two operations. The next two lemmas do the job. Lemma 1. Let P (a, b|x, y) be O-positive for some set O. Then, any identification P ′ (a, b|x, y) of the outcomes of P (a, b|x, y) is also O-positive.
Proof. It is enough to prove that, for some inputx, the identification of any two different outcomes generates a new O-positive distribution. Take thus two outputsã =ã ′ , rename themā, and consider the reduced distribution P ′ (a, b|x, y), with P ′ (ā, b|x, y) = P (ã, b|x, y)+ P (ã ′ , b|x, y) and P ′ (a, b|x, y) = P (a, b|x, y), for a =ã,ã ′ or x =x. By Theorem 3, we have to show that there exists a quantum state and a set of measurements satisfying conditions 1-4.
Easy: let ρ, {E x a , F y b } be the quantum states and operators associated to P (a, b|x, y). Now, take ρ Proof. Consider a measuring strategyx, one of whose possible outcomes is a x N , a N ) , understood as the outcome corresponding to measuring x 1 and obtaining outcome a 1 in box i 1 , followed by a measurement x 2 that outputs a 2 in box i 2 , etc. Call a( a, i) the output in a corresponding to the box i; and x( a, i), the corresponding measurement
, define the normalized quantum state ρ ≡ ⊗ N i=1 ρ i and the projector operators
Then it is immediate to check that
so condition 4 of Theorem 3 is satisfied. Now, suppose that a, a ′ correspond to different outcomes of the same deterministic strategyx. This implies that, at some point in the measuring process, some measurement x was performed on some box k that output different results for a, a ′ , i.e., a( a, k) = a( a ′ , k), and so
Thus Ex a Ex a ′ = 0 for any pair of sequential outcomes a = a ′ corresponding to the same measurement strategyx. The same holds for the F 's, and so condition 2 of Theorem 3 is likewise respected.
Letx be any deterministic (possibly incomplete) measurement strategy. For any outcome a ofx, define E x( a,i) a( a,i) = I i in case the box i was not measured, and denote by Ex a the projector
a( a,i) . We will next prove that a Ex a = I. The proof will proceed by induction on the maximum length n of the sequences of outcomes. If n = 1, a Ex a = a E x( a,i) a ⊗ I 1,...,i−1,i+1,...n , for some measurement x over box i. By hypothesis the last sum must then be equal to the identity. Now, let us assume that the property holds for strategies of n consecutive measurements, and take a measurement strategyx of n + 1 consecutive measurements. Then we can always decomposex as some strategȳ x ′ (where no more than n measurements have to be made in order to announce an outcome) plus a new measurement x( a ′ ) in box k( a ′ ) depending on the possible outcomes a ′ ofx ′ . Note that, for some possible outputs a ′ ofx, x( a ′ ) can be trivial. Thus we have that
Condition 3 of Theorem 3 is therefore fulfilled by complete deterministic strategies. Finally, take any operator identity
Hence condition 1 of Theorem 3 holds as well. It follows that P ( a, b|x,ȳ) is O-positive.
This closure result can be easily extended to other bipartite sets of correlations defined via SDP hierarchies where certain extra restrictions on Γ are imposed. For instance, let s A , t A (s B , t B ) denote sequences of Alice's (Bob's) operators, and, consider the constraints
invoked by Moroder et al. [42] for the characterization of the correlations attainable by quantum states invariant under partial transposition [43] . For any set of operators O, the set of all correlations in Q O satisfying the above restriction will be denoted as Q O P P T . It is clear that, for all sets O satisfying the conditions of Theorem 4, Q O P P T is closed under wirings, since the above relations are "inherited" by the measurement operators corresponding to the wirings. Let O = A 1 B 1 , and consider the I 3322 inequality (9) . In this case, we got the bound 0.15 (which is lower than the quantum maximum ≈ 0.250875), proving that the set Q
P P T is non-trivial even in the simplest meaningful ternary-input binary-output setting.
In the multipartite case, one can as well define sets of operators for, say, Alice, Bob and Charlie. Consider those of the form O N ≡ A N B N C N , whose associated setsQ N ≡ Q ON were proposed in [45] to characterize quantum contextuality. In [44] , it is shown thatQ 1 , the "almost quantum", set is closed in the multipartite sense specified by definition 8. It is easy to adapt the proof to the case of general N . Let us also recall the tripartite Q P P T set introduced in Sec. 3.1. The counterpart of this set associated to the hierarchy on any level N defines a valid closed set as well. The fact that this set is distinct from Q P P T for some N is indicated by the result of Ref. [42] proving that at least level N = 3 of the hierarchy is required to recover the maximum Q P P T value of inequality number 5 from the list of Ref. [38] .
In Section 3 we considered the set Q + of all quantum distributions attainable with maximally entangled quantum states. We did not explain, however, how to characterize this set. We will conclude by introducing a hierarchy of semidefinite programs to bound Q + . As in the previous examples, all such relaxations define closed sets of correlations, and therefore constitute useful tools to explore nonlocality distillation.
Suppose then that Alice and Bob share arbitrarily many copies of the maximally entangled state, or, equivalently, a d-dimensional maximally entangled state |Ψ d = 
with the symbol • T denoting transposition with respect to the basis {|j } d j=1 . We relax the previous relation to P (a, b|x, y) = Tr(E T . This problem can be attacked using a modified version of Burgdorf & Klep's hierarchy of SDPs [46] . We arrive at the following definition:
Definition 13. Let P k be the set of all monomials of the symbolic operators E 
The tracial nature of the underlying quantum state is expressed in condition 5 by imposing that averages of products of operators must be invariant under cyclic permutations, and that expressions of the form L(f Xf † Y ) are non-negative for positive semidefinite X, Y . As before, imposing conditions 2, 3, 4 amounts to verifying that certain moment-like matrices are positive semidefinite, as in [47] . Note that, since E 
, conditions 2, 3, 4 are a consequence of the fact that the tensor product of positive semidefinite matrices is also positive semidefinite.
Some answers from the zoo
The zoo of closed sets allows to answer several of the questions posed in Section 3.
We already saw that, due to monogamy [39] , in all non-trivial Bell scenarios, GW n = N S. Hence, if we could prove that GW n = L, we could answer Question 1 on the existence of non-trivial closed polytopes.
It is worth noticing that, under the hypothesis that P = N P , for every n there must be some Bell scenario where GW n contains L strictly. Indeed, on one hand linear optimizations over L constitute an NP-hard problem [40] . On the other hand, for fixed n, GW n can be described in each Bell scenario via a linear program that scales polynomially with the number of measurement settings. If GW n = L, it would thus be possible to characterize L with a polynomial algorithm, contradicting the NP-hardness of characterizing L. Similar considerations apply to the related polytopes T W n , also defined in Section 4.
This answers Question 1, if only under popular conjectures in complexity theory. We can get rid of such conjectures, however, precisely by exploiting the fact that all such sets admit an efficient characterization. Due to monogamy, GW = L in the 2222 case; we must therefore explore more complex Bell scenarios.
The local regions of the 3322 scenario are defined by the CHSH Bell inequality [22] and the I 3322 inequality [28] , see eq. (9) . Using the MATLAB packages YALMIP [49] and SeDuMi [50] , we maximized I 3322 over all distributions in GW, obtaining the value 1/3, achievable by the box given in the The value I Indeed, as we already noted, GW cannot violate the 2-setting CHSH inequality [22] , and so there exists a point in Q not contained in GW. On the other hand, as we just saw, GW violates I 3322 by an amount significantly greater than the quantum maximum of I Q 3322 ≈ 0.250875 [21] ; ergo, there are points in GW which are separated from Q. Q ∩ GW is therefore neither Q nor GW, and thus, by Theorem 1, there exist bipartite Bell inequalities, i.e., physical principles (satisfied by quantum theory!), which are not stable under composition.
In the nonlocality community there is a generalized conjecture that, even for the 2222 scenario, the sets {Q N } N are all different from each other. This implies (under this assumption) that there exist infinitely many supraquantum closed sets, all of which differ in the same Bell scenario, hence answering Question 4. Under the conjecture P = N P and Kirchberg's conjecture [51, 52, 53] , we can prove a weaker result:
Lemma 3. Assume that P = N P and that Kirchberg's conjecture holds. Then, for any k ∈ N, there exist k numbers N 1 , ..., N k and a Bell scenario with |A| = |B| = 2 where the sets {Q
Proof. We will prove it by reductio ad absurdum. Assume that, for any Bell scenario with |A| = |B| = 2, there are no more than k different sets of the type {Q N i } i , and that this number is tight. Then, there must exist s ∈ N such that, in the Bell scenario |X | = |Y| = s, there exist N 1 < ... < N k ∈ N, with Q Ni = Q Nj , for i = j. Now, characterizing Q in Bell scenarios with |A| = |B| = 2 is an NP-hard problem in the number of measurement settings [41] . Since Q N k admits an efficient semidefinite programming description, by P = N P we thus have that, for some n > s, Q N k = Q in the n-setting Bell scenario. Also, by Kirchberg's conjecture we have that lim N →∞ Q N = Q. It follows that there exists N k+1 > N k such that Q N k+1 Q N k in the n-setting Bell scenario. In that scenario, the sets Q N1 , ..., Q N k must be all different, since their projections to s-setting Bell scenarios are. We therefore conclude that Q N k+1 is different from Q N1 , ..., Q N k , hence contradicting the initial hypothesis.
Moving to the tripartite setting, we saw that each of the sets {Q A N B N C N } N constitutes a tripartite supraquantum closed set. That some of these sets are non-trivial can be seen from the fact that there exist tripartite Svetlichny-type inequalities for which correlations within the set Q 
where sym denotes the missing permutationally invariant terms. The maximum within the set Q A 1 B 1 C 1 is 0.0221, however by increasing the level of hierarchy we eventually recover the quantum maximum of 0.0132 up to numerical precision.
This answers Question 6 in the affirmative. Finally, using the sets defined in the previous section, one can find points of non-distillability for different Bell inequalities. As before, optimizations were Figure 4 : Undistillable points of the CGLMP Bell inequality [48] . The bound for Q + was obtained after optimizing over Q 2 + and finding the same result as conjectured in [55] . The setQ 2 + corresponds to an optimization where Condition 4 in Definition 13 was omitted.
conducted using the MATLAB packages YALMIP [49] and SeDuMi [50] . The results, together with an indication of which sets we used to derive them, appear in Figures 4 and 5 . Each line in the graphs indicates the existence of a pair of boxes with the property that arbitrarily many copies of them do not allow to increase the indicated Bell violation.
Conclusion
In this paper we have presented a zoo of physically consistent sets which admit an efficient characterization via linear and semidefinite programming. Our zoo defies the view that consistent sets are scarce or that their characterization, except for a few simple cases, is undecidable. We used different animals in the zoo to answer a number of questions regarding closed sets. Now we know that there exist closed non-trivial polytopes, infinitely many bipartite and multipartite supraquantum sets and closed sets with non-trivial intersection with the quantum set. As we saw, this last result implies the existence of bipartite physical principles Z which are not stable under composition, in the sense that boxes belonging to different sets satisfying them can be wired into a box violating Z. This teaches us to beware of expressions like "the maximal set of distributions compatible with Information Causality", since, despite their seeming innocuity, they may not have any meaning at all. Important open questions which nevertheless remain open are the decidability of the nonlocality distillation problem (Question 2) and the existence/non-existence of a continuum of closed sets (Question 3). To end with a positive note, the zoo has allowed us to derive, for the first time, a number of concrete undistillable points of the I 3322 [28] and CGLMP [48] inequalities. In view of this success, it would be interesting to find a continuous generalization of some of the families in the zoo which allow us to connect all such points.
